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Abstract

Rule of mixtures are an essential feature of the modeling of plastic deformation in complex materials in which more than one strain-
hardening mechanism is involved. In this work, use is made of dislocation dynamics simulations to characterize the individual and the
superposed contributions of two major mechanisms of crystal plasticity, i.e. Orowan strengthening and forest hardening. Based on a
formal description of each hardening mechanism, evidence is presented to show that a quadratic rule of mixtures has the ability to predict
quantitatively the flow stress of complex materials such as reactor pressure vessel steel.
! 2010 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

The addition of second-phase precipitates in a crystal
matrix is a common method of improving the mechanical
properties of materials. This particle-induced strengthening
has been extensively investigated both at the experimental
level and from a theoretical point of view [1,2]. Existing
models accounting for the interaction between dislocations
with coherent or non-coherent particles are based on
various descriptions of particle geometry and the spatial
distribution of particles. There are a number of disloca-
tion–precipitate interactions; this paper focuses on the
so-called Orowan by-passing mechanism observed with
impenetrable second-phase particles and in a temperature
range where the plastic behavior remains mostly athermal.
This work is part of a more general study dedicated to the
modeling of plastic deformation of ferrite in the pressure
vessel steels used in nuclear reactors in the non-irradiated
state.

Following the equation initially obtained by Orowan for
square distributions of punctual obstacles [3], s ! lb/l,
where l is the shear modulus, b the Burgers vector magni-
tude and l the spacing between impenetrable obstacles,
improved formulations have been published. A first refine-
ment was proposed by Foreman and Makin [4] and Kocks
[5] which accounts for the e!ect of non-regular distribution
of obstacles via the concept of an e!ective obstacle spacing.
Later, elastic field screening which imposes a logarithmic
dependency of dislocation line energy and the e!ect of pre-
cipitate finite size were studied respectively by Hirsch and
Humphreys [6] and Bacon et al. [7]. Thereafter, many com-
putational investigations with dislocation dynamics (DD)
simulations have been proposed to account for increasingly
realistic microstructures [8–12]. Despite these long-stand-
ing e!orts, the quantitative prediction of particle strength-
ening remains an open problem in some materials [13].

Dislocation–precipitate interactions are rarely the only
strengthening mechanism occurring in real materials. In
the most favorable case, additional mechanisms are weak
enough to be neglected. But in the most general case, one
must tackle the complex question of the superposition of
strengthening mechanisms. Several rules of mixtures have
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been proposed for this purpose [1,2,14,15]. Most of these

take the form stot "
P

skj
h i1=k

, where j is the number of

strengthening mechanisms involved and the exponent k
depends on the strengthening mechanisms involved. The
value of k is usually between 1 and 2.

Few attempts have been made to compare experimental
findings with the various rules of mixtures proposed in the
literature [16–19]. Such validations are di"cult since they
rely on a precise measure of each separate strengthening
contribution. In addition, very few simulation studies have
been dedicated to a theoretical validation of the existing
rule of mixtures [13,20]. Monnet [13] recently considered
the case of the combination of two precipitate populations
and found that usual rules of mixtures failed when used
with very di!erent precipitate size and density. To the
authors’ knowledge, the combination of forest hardening
(i.e. dislocation–dislocation interactions) and precipitation
strengthening has never been numerically investigated.

The aim of the present paper is therefore to tackle the
problem of forest hardening in conjunction with particle
strengthening. This study uses 3-D DD simulations. The
simulated microstructure aims at replicating reactor pres-
sure vessel (RPV) steels as closely as possible [21,22]. Plas-
ticity in this material is a function of various strengthening
contributions, i.e. solid solution, second-phase particles
and large dislocation densities. Precipitates in this material
are mainly non-coherent carbides of spherical shape [23].
Simulation of the solid solution contribution has been
reported in a previous paper [24].

In this paper, the methodology and the specifications of
the DD code used in our study are briefly presented. First,
Orowan strengthening is studied with the simple interaction
of an infinite dislocation line interacting with a periodic
row of precipitates. This mechanism is then considered in
the case of more realistic 3-D microstructures. In Section 5,
the combination of Orowan and forest hardening is consid-
ered. Finally, the results of a large and complex simulation
are discussed in Section 6 and compared with the predictions
of the law of mixtures as developed in the previous section.

2. Methodology

The DD simulations are performed with the code
microMegas,1 which is not presented in detail here. Inter-
ested readers are referred to Refs. [25,26]. The specific
developments made in microMegas to simulate a body-cen-
tered cubic (bcc) metal, and in particular ferrite in RPV
steels, have been introduced elsewhere [24]. The main fea-
tures are briefly recalled here. (i) DD simulations include
only the 1/2 h1!11if110g systems that have been unambig-
uously identified in a-iron [27–29] and well characterized.
(ii) In the athermal regime, dislocation mobility is con-
trolled mostly by phonon drag. Hence, the mobility law

that relates the dislocation velocity to the e!ective stress
on dislocation segments takes the form v = sb/B (with a
viscous coe"cient B = 10#4 Pa s). (iii) Alloy elements, par-
ticularly interstitials, that impede the movement of disloca-
tions are accounted for with a friction stress ssol.sol., acting
as a threshold to dislocation motion. The value of ssol.sol.
has been determined from experimental flow stress mea-
sures made in single crystals containing di!erent amounts
of carbon. Carbon is the principal interstitial. In the case
of RPV steels, which have a carbon content of 100 ppm,
ssol.sol. is taken as 30 MPa [24]. (iv) Use is made of isotropic
elasticity, the shear modulus l equals 83.6 GPa, the Pois-
son coe"cient m = 0.33 and the magnitude b of the Burgers
vector is 2.48 $ 10#10 m. (v) The cross-slip mechanism of
screw dislocations is known to be very active in iron
[27,29]. However, DD simulations which do not consider
the possibility of dislocation occurring via cross-slip give
much information on dislocation interactions and particle
by-passing. This is why the influence of cross-slip is post-
poned to a forthcoming paper. Cross-slip is thus not
allowed in the present study. Tests have been made to
check that the results of this paper are una!ected by the lat-
ter simplification.

The carbide distribution (see Fig. 1) is quite heteroge-
neous in the bainite of RPV steels [21], and very dense
agglomerates are observed. Here, we focus on the spherical
carbides that are outside agglomerates and grain bound-
aries, because they represent the largest volumic fraction.
Evaluations of the precipitate density have been made from
Fig. 1 and other scanning electron microscopy (SEM)
images [30]. They yield an average density of 3 $ 1019 m#3

and a mean precipitate diameter of 0.1 lm. These quantities
correspond approximately [2] to a surface density of 3 $
1012 m#2 and a mean spacing between particles of 0.6 lm.
These measures are in good agreement with previous evalu-
ations made by transmission electron microscopy [23].

Fig. 1. Typical microstructure observed by scanning electron microscopy
in the middle of the pressure vessel thickness. When the largest carbides
are found in agglomerates near grain boundaries, the carbides of interest
for this study are the very numerous and smaller carbides present inside
the ferrite.1 http://zig.onera.fr/mm_home_page/.
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In the frame of this study, specific developments have
been made in the microMegas code to enable complete
3-D simulation of the influence of spherical carbides pre-
cipitates. These particles correspond to regions that are
perfectly impenetrable to dislocations because carbides
are incoherent with the matrix. Consistently, no stress field
is associated with those particles [1,12,31]. More precisely,
the carbide microstructure is randomly distributed in the
simulated volume and overlapping of particles is forbidden.

As a wide range of simulation calculations is reported in
the present work, and to avoid useless repetitions, all com-
mon features of the simulations are now described. (i)
First, the reference length k used to discretized the disloca-
tion lines is adapted to the characteristic length scale K of
the physical problem under investigation (or the smallest
one in the case of multiple mechanisms). In the following
K is, for instance, the carbide size in the case of precipita-
tion strengthening or the mean spacing between disloca-
tions in the case of forest hardening. In all computations
k ’ K/5. (ii) Periodic boundary conditions (PBCs) are used
to avoid surface e!ects. Hence, the simulated volume is
equivalent to a small fraction of bulk material. (iii) Dimen-
sions of the simulated volume LVol must also be set up
according to K in order to ensure statistical representative-
ness: LVol P 10K. (iv) Loading is applied at constant strain
rate with an amplitude function of the dislocation density.
The corresponding average dislocation velocity is about
1 m s#1, which is similar to experimental observations
made in pure iron [32] at room temperature. Tests have
shown that the simulation results remain unchanged when
considering smaller strain rates.

3. Orowan strengthening due to a periodic array of
precipitates

In a first set of simulations, configurations made of an
infinite dislocation and a periodic row of particles are con-
sidered. Such calculations are made for comparison with
the work by Bacon, Kocks and Scattergood (BKS) [7]
and to set up important parameters such as the simulation
time step. BKS defined the critical shear stress sBKSc to
bypass a row as:

sBKSc " A
lb
L

ln
D
r0

! "
% B

# $
&1'

where A is a coe"cient depending on the character of the
dislocation. A = 1/2p(1 # m) and A = 1/2p for screw and
edge dislocations, respectively (m is Poisson’s ratio). r0 is
the line energy cut-o! radius defining the elastic dislocation
core size, and B is a coe"cient which is equal to 0.7 and re-
mains weak for usual values of particle density and size. In
Eq. (1) BKS introduce D as (D#1 + L#1)#1, a quantity
which derives from the notion of harmonic average. D is
useful to describe the two limit configurations of the Oro-
wan strengthening problem. When L, the spacing between
precipitates is low compared to D, the dislocation bows out

between precipitates without a strong “dipolar” interaction
between sections of dislocations on the opposite side of the
precipitates, thus D ! L. Alternatively, when the precipi-
tate diameter D is small when compared to L, the “dipolar”
interactions become large and D ! D.

As an e!ect of the PBCs, the location of one particle at the
center of the simulated volume is enough to construct a
periodic array of precipitates. Nevertheless, simulations
accounting for 1, 2 and 3 aligned particles in the simulated
volume were made to check that there are no artifacts asso-
ciated with the use of the smallest volume of simulation. The
following particle diameters were considered: 10, 31, 100,
403, 500 and 1000b. For each diameter, two interparticle dis-
tances have been used: 1000 and 10,000b. The ranges of par-
ticle sizes and spacings considered here are identical to the
ones used in Ref. [7] and the corresponding D/L ratios are
included between 1/2 and 1/300. It can be noted that in the
present study, which is looking at carbide hardening in steel,
we restricted investigation to the domainD > 10b, as smaller
solutions would correspond to unrealistic microstructures.

Fig. 2 shows a comparison of the simulation results with
prediction from Eq. (1). A very good agreement is found
not only qualitatively as the dependence upon D is clearly
stated, but also quantitatively as the di!erence between
DD calculations and the BKS predictions never exceeds
10%. This demonstrates the robustness of the constitutive
rule we considered in the DD simulations to model the
interaction between dislocation lines and carbide particles.

As plastic strain continues, several Orowan dislocation
loops can be stored around particles. Because of the use
of PBCs with a cubic volume, each time the mobile disloca-
tion reaches the simulation boundaries it is reintroduced in
the same glide plane on the opposite side. Therefore, the
same mobile dislocation can interact with the particle
row many times and repeated formation of Orowan loops
around the particles is simulated. Subsequently, the flow
stress increases and the elastic interaction between the
mobile dislocations and the stored dislocation increases.
In addition, the Orowan loops accumulated in the glide
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Fig. 2. Comparison of the DD results with the prediction of the BKS
model for an infinite row of impenetrable particles.
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plane reduce the interparticle distance and it becomes
harder and harder for the mobile dislocation to bow-out
between the particles. This phenomenon is a significant
strengthening mechanism and is known as the source-
shortening e!ect [33,34]. In addition, the long-range stress
field of the loops hugging the bypassed particles e!ectively
decreases the applied stress, and hence contributes to strain
hardening [33,34].

In what follows, a second set of simulations is presented.
This aims to calculate the source-shortening e!ect on screw
or edge dislocations. For comparison with the RPV carbide
microstructure, a constant mean spacing between particles
of 0.6 lm and a particle diameter of 0.1 lm is considered
here.

The evolution of flow stress as a function of the number
of Orowan loops formed around particles is given in Table
1. For a periodic row of particles, a strong linear hardening
is observed. As illustrated in Fig. 3 in the screw dislocation
case, the critical configuration of the dislocation bow-out
between particles is strongly a!ected by the presence of
additional Orowan loops. The curvature of the dislocation
increases with the increase in the loop number and thus the
stress level. One may also note the elliptical shape taken by
the Orowan loops in order to minimize the edge sections
(except for the first Orowan loop). As first calculated by
Brown [35] and in agreement with experiments [36], the
shape of such dislocations held in equilibrium around smal-
ler loops with the same sign is more circular than the one
predicted by de Wit and Koehler [37] in the case of an iso-
lated bowing loop. The main attribute observed here is that
the critical shapes adopted by the dislocations by-passing
particles with increasing number of Orowan loops are
similar.

The simulation results appear to be consistent with the
concept that the accumulation of loops increases the e!ec-
tive radius of particles De! (see Table 1). Hence, one can
propose a simple model to calculate the flow stress evolu-
tion in the simulation. In the following developments, an
initially screw dislocation geometry is considered. Equilib-
rium at point A, as sketched in Fig. 3d, is mainly controlled
by two opposing mechanisms. The first one is the repulsive
stress exerted by the pile-up of Orowan loops stored

around the particles. This contribution is roughly esti-
mated with a form proposed by Friedel [38] in the case of
a pile-up of n + 1 straight infinite dislocations: spile-up
= (n + 1)lb/(2pKr), where r is the distance between A
and the particle center, K is a constant function of the dis-
location character (K = 1 # m for a pile-up made of edges
as in the present example) and n is the number of loops cir-
cumventing the particles. The pile-up is thus composed of
n + 1 dislocations as the mobile dislocation is in fact the
last one. The second stress contribution is the applied stress
pushing the last dislocation against the Orowan loops. At
the critical configuration, assuming the applied stress is
correctly defined with the BKS equation (Eq. (1)), one
expects:

sc " A
lb

&L0 # Deff '
ln

Deff

r0

! "
% B

# $
&2'

with

Deff " L0 # Deff
% &#1 % &Deff '#1
h i#1

&3'

and L0 the center-to-center interparticle distance. During
plastic deformation, the increasing applied stress makes
the point A move toward the center O of the particle and
reduces the distance r. The critical configuration is reached
when r cannot be reduced without leading to the release of
the dislocation line—in other words when jspile-upj > jsBKSc j.
The values predicted by Eq. (2) are compared to the results
of the DD simulation in Table 1. As expected, the e!ective
diameter increases with the number of Orowan loops. It
can be noted that predicted Deff are the same for an ini-
tially edge or screw dislocation at a given number of loops.
Good agreement is found between Eq. (2) and the simu-
lated stress computation.

4. Random distribution of carbides

The strengthening induced by a random distribution of
carbides is now considered. With this in mind, a carbide dis-
tribution is introduced in simulations with a density of
3 $ 1019 m#3, as observed in ferrite ofRPV steels. The spher-
ical particles are assumed to have a constant diameter of
0.1 lm. Around 300 particles are introduced in a periodic
volume of 2 $ 2 $ 2 lm of size. The initial dislocation
microstructure is composed of 20 dislocation segments of
2 lm of length belonging to a single slip system 1/2
(1!11)&110'. This dislocation density, 1013 m#2, is in agree-
ment with TEM observations in RPV steels [39]. The initial
segments are randomly distributed in space and in character.

When isolating the dynamics of one dislocation line in its
glide plane from the 3-D simulation volume, its propagation
through the carbide microstructure looks very similar to the
results of previous DD simulations made in 2-D [4,8,13].
Because of the heterogeneous aspect of the particle distribu-
tion, the movement of dislocations is easy in soft regions,
where particles are distant from each other, whereas in
hard regions, where carbides are closer, the dislocation

Table 1
Values of the e!ective particle diameters, De!, calculated from the
accumulation of Orowan loops. The particle diameter is 0.1 lm. The
critical resolved flow stress required to bypass the particles is in MPa and
the e!ective diameters of the particle are in microns.

n loops DD Model

scscrew scedge Deff
screw scscrew Deff

edge scedge

1 92.1 65 0.22 88 0.2 63
2 109 75 0.26 106 0.26 75
3 126 86 0.3 122 0.3 86
4 143 95 0.34 139 0.34 97
5 163 111 0.36 155 0.36 108
6 – 126 – – 0.38 120
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progression is di"cult and island loops are sometimes
formed around groups of particles. In Fig. 4, a thin foil
extracted from the 3-D simulated volume emphasizes new
features induced by dislocation–dislocation interactions
out of their glide plane. As highlighted in Fig. 4 inset, dipoles
and multipoles are formed during plastic deformation and
those dipolar configurations are not randomly localized
but stay preferentially between the closest particles.

As in the simple case of a periodic array of precipitates,
significant dislocation storage is found as a result of Oro-
wan loop and island loop formation. This important dislo-
cation storage justifies the large strain hardening observed

in the simulation. As illustrated in Fig. 5a, plastic flow
starts at a relatively high applied stress around 70 MPa,
and with increasing strain the flow stress continuously
increases up to 78 MPa at c = 1%. This strain hardening
results from the long-range elastic field associated with
Orowan loops, the source-shortening e!ect and the dipolar
interactions. The last contribution is relatively weak at
small plastic strain.

In Fig. 5a, comparison is made between stress–strain
curves obtained with and without carbides. This is to
di!erentiate the contribution of carbides and of dipolar
interactions. Without carbides, the flow stress is as high

Fig. 3. Critical shapes of a screw dislocation interacting with a periodic row of particles respectively (a) free of loop, (b) with one Orowan loop, (c)
circumvented by four Orowan loops, and (d) sketch of the quasi-static equilibrium obtained between the curved mobile dislocation and the repulsive
Orowan loops stored around the particles. For the sake of clarity, a single particle is drawn.

Fig. 4. Simulated microstructure resulting from the interaction between a single slip system with a random distribution of carbides. s = 75 MPa and
c = 1%. The thin foils extracted from the simulated volume have a thickness of 0.2 lm and are parallel to the dislocation glide plane. The enlargement (A)
shows the formation of dipoles and multipoles aligned along the smallest carbide spacing.
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as 15 MPa when deducting the constant alloy friction con-
tribution. To determine the contribution of the carbide
interactions alone without any uncertainty, a second pair
of simulations was performed with a lower initial disloca-
tion density of 1011 m#2. The dipolar interactions in this
case are negligible and no hardening is reproduced with
the simulation in the absence of a carbide distribution
(see Fig. 5a). Finally, the comparison between the flow
stresses with and without particles leads to a particle con-
tribution of 38 ± 1 MPa. It is worth noting the influence
of the random nature of the particle distribution, which
reduces the flow stresses. Indeed, for a regular distribution
of carbides, the BKS equation gives 44 and 69 MPa for
screw and edge mobile dislocations, respectively.

Some quantitative aspects of the simulation discussed in
this section deserve further investigation. The number of
particles bypassed with a mobile dislocation is simply
nc = ANp, where Np is the particle density per surface area
andA is the area swept by dislocations. TheOrowan relation
establishes the link between the shear strain c andA such that
c = Ab/V andV is the simulated volume.Combining nc and c
equations yields the number of particles bypassed for a given
shear strain nc = cNpV/b. Numerical application at c = 1%,
leads to the value of 1000 dislocation–particle interactions.
This number is certainly large enough [13] to compare the
results of DD simulations with the predictions of the contin-
uous model. To assist this comparison, two additional sim-
ulations were performed with di!erent particle densities:
3 $ 1011 m#2 and 3 $ 1013 m#2.

Foreman and Makin [4] and Kocks [5] proposed very
similar expressions for the flow stress srandp " K lb

L (‘p’ stands
for particles), where K is a factor of the order of 0.8,
accounting for the particle distribution heterogeneity.
Hirsch and Humphreys [6] proposed an alternative formu-
lation including a logarithmic term and accounting for the
e!ect of self-interactions between dislocation line sections
on each side of the particles:

srandp " 0:8

2p
lb
L

ln&D=b'
&1# m'1=2

&4'

In Eq. (4), the term (1 # m)1/2 is introduced as an average
of the di!erence in energy between screw and edge charac-
ters. The model proposed later by Bacon et al. [7] (BKS)
makes use of the Friedel’s approximation for a distribution
of weak obstacles. These authors assume that the by-pass-
ing of an impenetrable “strong” obstacle of finite size is
equivalent to the interaction with a weaker point obstacle,
due to the self-interactions on each side of the precipitates.
It yields:

srandp " ln&D=b' % 0:7

ln&L=b'

# $3=2
lb
l

ln&l=b'
2p

&5'

where D is the harmonic average (cf. Section 3).
The predictions of the various models are compared

in Table 2. For carbide densities of 3 $ 1011 and 3 $
1012 m#2, the di!erences with the simulation results are
low (<15%) as the four model predictions are very similar.
However, the good agreement found with the relations of
Foreman and Making, and Kocks is unexpected, as these
models are quite simple ones. The distinction between the
BKS models and the model of Hirsch and Humphrey can
be clearly seen from the largest surface density of 3 $
1012 m#2, for which only the BKS model agrees with the
simulation results. This demonstrates clearly the important
contribution of the harmonic diameter in the logarithmic
term of the line energy. Other DD simulations have also
proven the reliability of the BKS model [13].

Fig. 5. Comparison between di!erent simulations with and without a random distribution of carbides and two initial dislocation densities, 1011 (thin
curves) and 1013 m#2 (thick curves). (a) Stress–plastic strain curves. (b) Dislocation density evolution as a function of the plastic strain.

Table 2
Comparison of the simulated flow stress associated to a random
distribution of particles, srandp in MPa, with existing models for Orowan
strengthening.

Particle density 3 $ 1011 m#2 3 $ 1012 m#2 3 $ 1013 m#2

Foreman and Makin 10 35 127
Kocks 10 37 131
Hirsch and Humphrey 11 41 130
Bacon, Kocks and

Scattergood
11 34 96

Present simulations 12 ± 1 38 ± 1 103 ± 2
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Starting from the simulations with the largest particle
density, it is possible to determine with good accuracy
the dislocation storage rate associated with the formation
of Orowan loops. In single slip condition and without par-
ticles, the dislocation density increases with the plastic
deformation mostly as a result of dislocation multiplica-
tion. With a particle distribution, dislocation storage is
much larger and comes mainly from the formation of Oro-
wan loops. In both cases, the increase of dislocation density
is linear (see Fig. 5) and a constant storage rate is found in
the simulations. The storage of dislocations induced by
particles is 7.2 $ 1015 m#2 which compares with a single
slip multiplication rate of 4.2 $ 1015 in a crystal free of
particles. It is reasonable to assume that the two storage
mechanisms, i.e. the Orowan loop accumulation and the
dislocation line multiplication, are not coupled. Thus,
the total dislocation accumulation rate should simply be
the sum of the rates for each mechanism.

To examine this assumption, a simple predictive model
is developed for the Orowan loops storage mechanism.
We first consider a dislocation line which sweeps an area
A in a volume V. During its flight, the dislocation bypasses
n = NpA particles, with Np the particle density per unit
area. It is assumed that Orowan loops have a circular shape
with a perimeter 2pre!, where re! is the particle e!ective
radius seen by the dislocations. At small strain, re!
accounts for the fact that particles are on average cut at
planes di!erent from the particle hemisphere. Simple calcu-
lations give re! = pr/4 [2], and the increment in dislocation
density Dq = 2pre!NpA/V. For the same area swept, the
shear strain increment is Dc = Ab/V. Hence:

Dq
Dc

" rp2Np

2b
&6'

One may note that only the size and the density of par-
ticles appear in Eq. (6) and not the dislocation density.
Numerical application with a radius r = 0.05 lm and a
density Np = 3 $ 1012 m#2 leads to a dislocation storage
rate of 3 $ 1015 m#2 in good agreement with the results
found in the simulation based on the di!erence between
the two curves of Fig. 5b.

5. Orowan and forest strengthening superposition

The results of more general simulations, including a com-
bination of Orowan strengthening and forest hardening, are
now presented. These simulations aim to characterize quan-
titatively the strain hardening imposed by themicrostructure
reproducing RPV steel. In this section, we take advantage of
the possibilities o!ered byDD simulations to consider di!er-
ent dislocation–dislocation reactions by changing the slip
systems considered in the initial dislocation density. Such
simulations, in which a single primary slip system interacts
with some selected forest systems have already been used
to study forest hardening in pure fcc and bcc metals
[24,40]. More precisely, such model simulations of latent
hardening were used to determine the interaction coe"cients

aij, which measure the mean interaction strength between
two slip systems in a Taylor-like equation:

sif " lb
'''''''''''''''''''X

vaijqj
q

&7'

where qj is the density of the systems j interacting with a
system i, and v is a parameter accounting for the logarith-
mic deviation of coe"cients aij with dislocation density in-
crease [24,40].

The simulation protocol used in this section is similar to
the one used in Ref. [24]. The initial primary dislocation
density (the mobile system) is 1013 m#2 whereas the forest
density (the unloaded systems) is 2 $ 1013 m#2. The forest
density is made of two equivalent slip systems, i.e. having
the same type of reaction with the dislocations in the pri-
mary slip system. Note that the dislocation densities we
consider in the present study are much larger than what
is currently used in DD simulations. However, rescaling
operations to compare our results with previous computa-
tions is straightforward [40]. The simulated volume has a
size of 2 lm. Forest segments are initially 5 lm long. The
primary dislocation density is still composed of 20 sources
of length 2 lm.

For reasons of symmetry in the bcc structure, only six
di!erent types of dislocation–dislocation reactions exist
between the 1/2 h1 !1 1if110g slip systems [41]. Among
such reactions, only four reactions imply non-coplanar
contact reaction. They are the most important ones as they
form strong forest obstacles anchoring mobile dislocations
[38,42]. The first three reactions are related to the process
of junction formation: (i) a junction in the mixed 54.7"
direction that is called “symmetric” as the angles between
the Burgers vectors of interacting dislocations with the
junction direction are identical; (ii) a mixed junction that
is “asymmetric”; and (iii) a junction in the edge direction.
The fourth reaction is associated with the intersection of
two slip systems having identical Burgers vectors but in dif-
ferent gliding planes. The reaction product is a null Burgers
vector, and leads to the vanishing of the intersecting sec-
tions. For this reason, it is called (iv) collinear annihilation.
One of the main results of previous investigations dedi-
cated to forest strengthening in bcc structures [24,41] is cer-
tainly the hierarchy between these reactions (see Table 3).
As in other structures [40,43], the collinear annihilation is
by far the strongest reaction. The symmetrical mixed junc-
tion is stronger than the other two, which are of approxi-
mately the same strength.

The microstructures extracted from simulations account-
ing simultaneously for the forest interactions and particles
are shown in Fig. 6 for each type of slip system interactions.

Table 3
DD measures of the flow stresses (in MPa) associated with di!erent slip
system interactions using the classification based on the dislocation
reaction proposed in Ref. [41].

Dipolar Colli. annihil. Sym. mixed J. Asym. mixed J. Edge J.

15 61 27 21 22
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On one hand, the strengthening hierarchy is preserved
despite the presence of particles.With the collinear annihila-
tion (Fig. 6a), primary dislocations are cut into many small
segments—the signature of a large number of annihilations.
Much collinear debris is formed in the shape of small loops.
Primary dislocations are strongly bowed-out and this con-
trasts with the other interactions leading to junctions, where
segments are less curved (Fig. 6b and d). Among junctions,
symmetrical mixed junctions are relatively more numerous
and longer than the other junctions, and primary disloca-
tions are slightly more curved.

On the other hand, specific observations can be made
related to the presence of carbides. First, in all the micro-
structures ofFig. 6, the primary dislocations aremore curved
than the equivalent ones obtained without carbides [24] as
the flow stress is larger, resulting from precipitate strength-
ening (see Fig. 7). Hence, forest junctions are 30% smaller
than in simulations without precipitates. The mean length
of junctions is 0:31q#1=2

f for symmetrical mixed junctions,
and 0:12q#1=2

f for the two other types of junctions. Indeed,
the existence of carbides limits the junction zipping process.
Moreover, dynamic e!ects are observed in the simulations.
For instance, dislocations have to form very narrow angles
around the carbides to bypass them. The release of disloca-
tion lines, once Orowan loops are formed, generally induces
a destruction of neighboring junctions, hence initiating a
plastic avalanche as described in Ref. [44].

Simulation results obtained in this section are now com-
pared with the flow stress predictions made with di!erent
rules of mixtures and making use of the simulated flow

stress obtained in the previous sections for Orowan
strengthening and forest hardening individually. Existing
solutions of rules of mixtures can be classified with the gen-
eric form sktot " sk1 % sk2. From the seminal work of Brown
and Ham [1] we know that the linear solution (k = 1) gives
good results in the case of few strong obstacles dispersed in
many weak obstacles. For instance, this solution is well
adapted to the combination of dislocation interactions with
solid-solution strengthening. It was also proposed to apply
this solution, with slight modification, to the strengthening
associated with the plastic zone formed around underform-
able particles in a plastically deformed metal matrix [45].

Fig. 6. Simulated microstructure obtained under loading at c = 0.25% for the di!erent simulations of latent hardening. The thin foils have a thickness of
0.06 lm and belong to the primary slip plane. Junctions correspond to thick straight segments, and carbides are in grey. The simulations involve
respectively (a) collinear annihilations, (b) symmetrical mixed junctions, (c) asymmetrical mixed junctions and (d) edge junctions.

Fig. 7. Stress–strain curves for latent hardening simulations with (con-
tinuous line) and without a carbide microstructure (dashed line). The two
types of forest reaction considered are respectively the collinear annihi-
lation (thick lines) and the asymmetrical mixed junction (thin line).

S. Queyreau et al. / Acta Materialia 58 (2010) 5586–5595 5593



The quadratic form (k = 2) first proposed by Koppenaal
and Kuhlmann-Wilsdorf [46] assumes that the obstacle
families have very similar strength. When the obstacles
have identical planar densities, this yields the form proposed
by Labush [47] with k = 3/2. More recently, Monnet [13]
proposed a generalized rule of mixtures, in which the
strength of obstacles is balanced by their concentration. It

follows s " &s1l2 % s2l1'=
''''''''''''''''''
l21 % l22
% &q( )

, where l is the aver-

age spacing between the obstacles of each obstacle family.
Comparison between these di!erent rules of mixtures and

the simulation results are reported in Table 4. It should be
noted that the linear rule and the solution proposed byMon-
net [13] give poor evaluation of the flow stress. Conversely,
the rules with k = 3/2 and k = 2 lead to rather good predic-
tion with all tested combinations. Such agreement with all
the simulations is remarkable since the specific strength of
the two hardening mechanisms tested in the simulation are
very di!erent. First, the range of particle densities explored
lies within two orders of magnitude. Secondly, the di!erence
between the flow stress induced by dipolar interactions and
collinear annihilations is significant, i.e. 46 MPa. The two
rules of mixtures with k = 3/2 and k = 2 are numerically dif-
ficult to distinguish and one can easily check that this is
because the two forms give very similar predictions for a
wide range of stresses [0, 1000 MPa]. As a result, their di!er-
ence never exceeds 12%. Considering that the quadratic law
has already proved its reliability in the case of multiple dislo-
cation–dislocation interactions [48], the rule of mixtures
form with k = 2 is preferred in the final section of this paper.

6. Validation of the quadratic mixture law

In this final section, the robustness of the quadratic rule
of mixtures is tested with the most complex computation
we have used to simulate plasticity of RPV steel. A tensile
test simulation is made with the loading axis at the center
of the standard triangle, [1511], hence imposing a single
slip condition. The initial dislocation microstructure con-
tains the 12 1/2 h1!11if110g slip systems. The total disloca-
tion density is initially 1014 m#2 and the carbide size and
density are respectively of 0.1 lm and 3 $ 1012 m#2.

The corresponding stress–strain curve is reproduced in
Fig. 8. The flow stress increases up to c = 0.25 %, where

a plateau at a stress level around 100 MPa is reached. Note
that the primary dislocation density at c = 1% is increased
by a factor 12. However, no strain hardening can be pre-
cisely calculated from this curve because of the presence
of quite large stress fluctuations. Plastic deformation pro-
ceeds by bursts and the simulated reference volume is too
small to smear out plastic avalanches.

Considering the results reported in previous sections, the
total flow stress s in the present single slip simulation
should be calculated with:

s " si " ssol:sol: %
''''''''''''''
s2p % s2f

q
&8'

where si is the critical stress on the active slip system i, sp is
the particle strengthening contribution calculated from Eq.
(5) and sf is the forest hardening contribution calculated
from Eq. (7).

For the purpose of validating Eq. (8), it is worth noting
that only the carbides and the slip system densities need to
be defined. As the latter quantities are explicit variables of
DD simulations, one can immediately test the prediction of
Eq. (8) by monitoring the slip system densities during com-
putation, and compare these with the simulated stress–
strain curves reported in Fig. 8. Clearly, the quadratic rule

Table 4
Comparison of the prediction of usual rule of mixtures prediction with DD simulation results when combining forest and carbide strengthening. The
di!erent forest reactions considered are dipolar interaction, collinear annihilation, mixed asymmetric junction, edge junction and mixed symmetric
junction with three increasing particle densities. The flow stress values for the DD simulation are taken at c = 0.25% and are given in MPa.

Rules of mixtures k = 1 k = 3/2 k = 2 Monnet DD

Dipol. + Carb. 53 44 40 27 40 ± 1
Colli. A. + Carb. 99 80 77 70 78 ± 3
Asym. J. + Carb. 58 47 44 32 48 ± 2
Edge J. + Carb. 60 48 45 34 48 ± 2

Sym. J. + Carb. (3 $ 1011 m#2) 39 31 30 28 35 ± 3
Sym. J. + Carb. (3 $ 1012 m#2) 65 52 48 38 52 ± 3
Sym. J. + Carb. (3 $ 1013 m#2) 130 110 107 97 118 ± 4

Fig. 8. Comparison of the simulated flow stress with the prediction of a
quadratic rule of mixtures accounting for Orowan and forest hardening.
The tensile test simulated corresponds to single slip condition and
accounts for carbides and dislocations microstructures consistent with
observations made in RPV steel.
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of mixtures does not apply in the first stages of the plastic
deformation. In this domain, the simulated flow stress ini-
tially increases very fast since the simulated dislocation dis-
tribution is not yet a realistic 3-D interconnected network
of dislocations. Indeed, a statistically well-defined disloca-
tion microstructure (with, for instance, a stabilized average
segment length between junctions) takes about c = 0.25%
to form in the present simulation. From that strain, the
agreement between Eq. (8) and the simulated stress–strain
curve is extremely good. This clearly shows that a qua-
dratic rule of mixtures has the capacity to account for
the composition of Orowan strengthening and forest hard-
ening in materials with a microstructure like RPV steel.

7. Conclusion

DD simulations have been used to investigate the com-
bination of Orowan and forest hardening in the case of a
complex material of great technological interest. Use is
made of realistic dislocation and particle microstructures
accounting for the 3-D details of the ferrite when deformed
at room temperature. The main results of this work can be
summarized as follows:

– The reliability of the simulation treatment of impenetra-
ble carbides in the absence of forest interactions is
proved via the study of simple configurations for which
analytical models exist. A significant linear hardening is
observed when Orowan loops are stored within a single
glide plane. A simple model is proposed which correctly
describes the hardening rate observed in that simulation.

– The strengthening associated with a random distribution
of carbides is investigated and compared to existing
models. A geometrical model is proposed to describe
the dislocation storage associated with the formation
of Orowan loops. Among all the models proposed for
Orowan strengthening, the formulation reported by
Bacon, Kocks and Scattergood [7] gives the best predic-
tion of the simulation results. The latter equation is rec-
ognized as a reliable solution for RPV steel.

– Consistent with the results of a previous study on forest
hardening in a-iron [24], the realism of the Taylor-like
equation proposed in Ref. [40] for fcc crystals is vali-
dated again for the very large densities of dislocations
observed in RPV steel.

– The combination of the Orowan strengthening and forest
hardening has been studiedwith the help of latent harden-
ing simulations. For this purpose, very di!erent configu-
rations in terms of relative densities and strengths of
obstacles are considered. A quadratic rule of mixtures is
shown to give a good prediction of the total strain harden-
ing found with obstacles as di!erent as impenetrable
carbides, non-contact dipolar interactions, dislocation
contact reactions such as junction formations and collin-
ear annihilations. Lastly, this rule of mixtures (Eq. (8)) is
recognized as a reliable solution forRPV steel with a com-

plex tensile test simulation in single slip condition, where
all possible dislocation–dislocation and dislocation–
particle interactions are accounted for.
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