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Abstract

Based on recent dislocation dynamics simulations investigations, a set of constitutive equations and model parameters for the descrip-
tion of plasticity of body-centered cubic materials is proposed. Assuming the flow stress to be controlled at low temperatures by the
mobility of screw dislocations and by forest interactions at high temperatures, this model allows for the prediction of the mechanical
behavior in monotonic loading over a large range of temperatures and strain rates. The consideration of the difference in mobility
between screw and non-screw dislocations is found to affect strain hardening in a complex manner. The constitutive equations are imple-
mented in a finite-element method to simulate tensile tests on iron single crystal at different temperatures. The use of finite transformation
formalism enables the computation of crystal rotations which affect slip system activities. The calculated critical resolved shear stress and
crystal rotations are in good agreement with existing experimental results.
� 2013 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Crystal plasticity modeling at the level of slip systems
within finite-element simulations is an important part of
continuum mechanics research and has made a great deal
of progress since the pioneering work of Pierce et al. [1].
As reviewed by Roters et al. [2], such models are increas-
ingly physically justified. The most important advances
are typically: the possibility to account in three dimensions
for the real geometrical degrees of freedom associated with
dislocation slip systems [3], finite transformation formalism
[4], non-local approaches [5,6], the consideration of grain
boundary related mechanics [7,8], etc. Hence, a large vari-
ety of constitutive equations, called hereinafter crystalline
laws (CLs), can be found in the literature. It should be
noted that most of these CLs are dedicated to face-centered
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cubic (fcc) materials with their well-known slip systems and
athermal plastic behavior.

Low-temperature deformation in hexagonal close-
packed (hcp) and body-centered cubic (bcc) crystals has
specific characteristics such as a large sensitivity to strain
rate and temperature [9], a strong difference in dislocation
mobility between screw and other dislocation characters
[10] and a length dependence of the mobility of screw dis-
location segments [11]. This is why specific CLs have been
proposed for hcp [12,13] and bcc [14,15] structures. How-
ever, the full complexity of the observed plastic properties
has not really been addressed. For instance, in the bcc
structure the kinetics effects associated with the existence
of long screw segments in the dislocation microstructure,
as well as the effect of the difference in mobility between
different dislocations, are poorly accounted for. In addi-
tion, the contribution of non-screw dislocations to strain
hardening is usually neglected in the low-temperature
regime. As will be seen in this paper, this simplification
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prevents model convergence toward the fcc type of behav-
ior observed with bcc and hcp structures at high tempera-
ture, where dislocation mobility no longer controls plastic
behavior.

At the same time, several studies based on dislocation
dynamics (DD) simulations and dedicated to materials
experiencing high lattice friction have been published. They
reported on low-temperature deformation in zirconium
[16], tantalum [17,18] and iron [19]. These simulations high-
lighted important features that can now be implemented
within more physically based CLs.

We present in this paper a new set of constitutive equa-
tions that accounts for a large number of known character-
istics of bcc (and hcp) deformation at low temperature. The
equations have been deduced from recent DD simulation
results [20], which allowed for an accurate description of
the collective behavior of large dislocation densities in iron
at low [19] and high [21] temperatures. The CL solutions
evolve with temperature and therefore provide a detailed
description of plastic properties from relatively low temper-
atures towards the athermal regime. The paper is organized
as follows. In the next section we describe the flow equation
connecting the shear strain rate on a given slip system to
the applied shear stress on this system. Then we introduce
and describe the state variables in connection with the
microstructure parameters. In Section 4, we present the
stress decomposition needed to determine the effective
stress on screw segments, known to control the yield stress
at low temperature. In Section 5, the storage-recovery
equations that model the evolution of dislocation densities
with deformation are presented. In Section 6, we present
finite-element (FE) simulations of two tensile test geome-
tries using the proposed CL. The last section is dedicated
to a discussion and concluding remarks.
2. The flow equation

2.1. Plastic flow at high temperature

At sufficiently high temperature and mesoscopic scale,
the free-flight motion of dislocation segments is well
described by an athermal viscous velocity law v = (b/B) seff,
where B is the viscous coefficient, b is the magnitude of the
dislocation Burgers vector and seff is the effective stress on
the segment. However, the flow stress at the macroscopic
level is known to contain a small thermal component
[22–24] responsible for the dependency of flow stress on
strain rate. The origin of this thermal component can be
attributed to the thermally activated jog drag or destruc-
tion of cross-states in the dislocation microstructure. For
this reason, the high-temperature regime is referred to here-
inafter as the “drag regime”. The Orowan relation implies
that the effective steady velocity of dislocations is thermally
activated with characteristically large activation volumes
[23,24]. This allows for the simplification of the Arrhenius
equation in the form of a power law, widely used in the
literature (e.g. [25,26]). The shear strain rate on a slip sys-
tem “s” in the drag regime can then be given in the form:

_cs
drag ¼ _co

jss
appj
ss

c

� �n

signðssÞ; ð1Þ

where _co and n are constant, ss
c is the critical stress and ss

app

is the resolved shear stress on system s. In the following a
superscript, say s, denotes the number of the slip system
of interest, while the subscripts refer to the nature of the
variable. The critical stress is given here by a Taylor-like
equation [27]:

ss
c ¼ ss

f þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN

i¼1

asiqi

vuut ; ð2Þ

where ss
f is the alloy friction, qi is the dislocation density of

an obstacle system i (with N the total number of obstacle
systems) and asi are the interaction coefficients with obsta-
cle system i. Recently, interaction coefficients between slip
systems were calculated for bcc materials with the help of
DD simulations [21,28].

2.2. Plastic flow at low temperature

In bcc crystals, the early stage of plastic deformation
(stage 0) is known to play an important role in plastic flow
in the low-temperature regime, where lattice friction
strongly restricts screw dislocation mobility [29,30]. Stage
0 is characterized by an anelastic behavior associated with
the motion of non-screw dislocations at low stresses and
leads to a strong increase in the density of screw disloca-
tions. However, modeling of stage 0 is complex and
requires considering different constitutive laws for the
screw and non-screw dislocation populations [13]. For this
reason, stage 0 was disregarded in the present model.
Rather, we consider the initial microstructure to be that
obtained at the end of stage 0, i.e. at the onset of the irre-
versible plastic flow [29] associated with the motion of
screw dislocations. In other words, we consider the mobile
dislocation density to be saturated at the end of stage 0. As
DD simulation results [16,19] confirmed that the flow stress
at low temperature is controlled by the effective stress on
screw dislocations, regardless of the mobility law assigned
to non-screw dislocations, we term this regime the “friction
regime”. The effective stress is the stress necessary to pro-
duce a velocity vs of screw dislocation segments. This veloc-
ity can be expressed as a function of the temperature and
the effective stress [31,32]. Several solutions were found
for DD simulations of Ta [33], Zr [34] and Ti [13]. For iron,
Naamane et al. [19] proposed the expression:

vs ¼ Hls
s exp �

DGðss
eff Þ

kT

� �
signðss

eff Þ; ð3Þ

where H is a frequency factor [17] connected to the Debye
frequency mD by H = mDb/ldk, where ldk is a characteristic
length of the double-kink mechanism, close to 10b. H is
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considered as a constant parameter in our model. In Eq.
(3), ls

s is the average length of the screw dislocation seg-
ments, k is the Boltzmann constant and T is the absolute
temperature. An interesting feature of Eq. (3) is that the
velocity of the segment is proportional to its length, as re-
cently confirmed experimentally in iron [35]. DG is the acti-
vation energy for double-kink nucleation under a given
effective resolved shear stress. In the case of iron, direct
analysis of experimental loading curves [19] provided the
following expression that was found to cover the entire
stress range observed in the thermal regime:

DGðss
eff Þ ¼ DGo 1�

ffiffiffiffiffiffiffi
ss

eff

so

s !
; ð4Þ

where DGo and so are two fitting parameters. The square-
root dependency in Eq. (4) is in agreement with simple the-
oretical approaches [36,37] and experimental results [38],
and was recently confirmed with atomistic simulations
[39]. In order to express the shear rate, use is made of the
Orowan relation including screw and non-screw disloca-
tions: _cs

friction ¼ qs
scb

svs
sc þ qs

edbsvs
ed , where the subscripts “sc”

and “ed” denote here the screw and non-screw characters,
respectively. Although non-screw dislocations do not con-
trol the flow stress, their contribution to plastic shear can-
not be neglected. Their density is very low compared to
that of screw dislocations, but their velocity is very large
[13]. As suggested by Louchet et al. [40] and confirmed later
by DD simulations [18], apart from stage 0, the contribu-
tion of non-screw dislocations to plastic shear is equal to
that of screw dislocations. The shear rate equation can thus
be simplified and takes the form _cs

friction ¼ 2qs
scb

svs
sc. More-

over, since the microstructure at the end of stage 0 is mostly
formed of screw dislocations, we approximate the mobile
screw dislocation density by the initial density, which also
corresponds to the mobile density qs

m at the onset of stage
I. Considering all these features, we deduce the flow equa-
tion for slip system s:

_cs
friction ¼ 2qs

mbHls
s exp �DGo

kT
1�

ffiffiffiffiffiffiffi
ss

eff

so

s ! !
signðssÞ: ð5Þ

The strain rate in the friction regime is thus proportional
to the average length of screw dislocations. This feature has
not always been taken into account in the literature [12,41].

As the mobile dislocation density is supposed to saturate
at the end of stage 0, qs

m is constant in our model. From Eq.
(5), we see that the shear velocity varies exponentially with
the temperature and the square root of the effective stress.
In the following section, we see how these parameters vary
during deformation as a function of the microstructure
parameters.

2.3. General flow equation

At intermediate temperatures, the flow stress can be
controlled by both drag and friction mechanisms. A rule
of mixture must be adopted in order to account for these
two mechanisms. Let us consider the following reasoning.
Considering both mechanisms are independent of each
other, they must act concurrently and their slowing effects
add. The time increment Dt necessary for dislocations to
sweep a given area is thus the sum of the time increment
Dtdrag necessary to move the dislocation whose mobility
is only controlled by jog drag and the time increment Dtfric-

tion necessary to move the jog-free screw dislocation moving
by nucleation and migration of kink-pairs. At a given effec-
tive stress, Dtdrag and Dtfriction are respectively proportional
to the inverse of _cdrag and _cfriction. Since Dt is also propor-
tional to the inverse of the total strain rate, we deduce:

1

_cs
¼ 1

_cs
drag

þ 1

_cs
friction

: ð6Þ

The total strain rate is thus the harmonic mean of the
strain rates associated with individual mechanisms. Fixing
a total strain rate, Eq. (6) implies that the effective stress
must be increased in order to enable each mechanism to
provide at least one-half of the imposed strain rate. Two
asymptotic behaviors can be predicted from Eq. (6). At
low temperature and high effective stress, _cs

drag is much lar-
ger than _cs

friction and the total strain rate becomes close to
_cs

friction, i.e. plastic flow is controlled by lattice friction. At
high temperature and low effective stress, _cs

drag is smaller
than _cs

friction and plasticity becomes controlled by drag
mechanisms. Hence, Eq. (6) allows for a smooth transition
from the low-temperature to the high-temperature defor-
mation regimes.

3. State variables

3.1. Non-screw dislocation curvature in the friction regime

For the sake of simplicity we assume that the mobility of
edge dislocations is much higher than that of screw disloca-
tions in the friction regime and that the effective stress on
edge dislocations is negligibly small compared with that
on screw segments. Experiments [11] and DD simulations
of iron plasticity at low temperatures [20] have shown that
when a moving screw dislocation encounters an obstacle,
two non-screw sections are formed in the vicinity of the
obstacle, leading to a decrease of the average length of
screw dislocations (see Fig. 1).

Since the moving dislocation is submitted to a given
effective stress, the non-screw section experiences a curva-
ture of radius Rs. Using a simple line tension model, this
curvature radius equals roughly Rs ¼ lb=ð2ss

eff ), where l
is the shear modulus. As illustrated in Fig. 1, the obstacle
can be bypassed in two conceptually different ways [20].
(i) When the obstacle spacing ks is sufficiently large
(Fig. 1a), the continuous motion of the screw section
induces the rotation of the non-screw sections around the
obstacle until the breaking angle h is reached under the
same curvature radius Rs. By virtue of Eq. (5), the effective
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Fig. 1. Schematic drawing of the two existing critical configurations for screw dislocations bypassing obstacles at low temperatures: (a) large spacing
configuration; (b) small spacing configuration. The detailed nature of the obstacles is not represented. Rather, only the average size of the obstacle is
shown with a simple radius of the contact reaction.
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stress must in that case be logarithmically increased in
order to balance the decrease of the screw segment length
with no contribution of the dislocation line tension. (ii)
When the obstacle spacing ks is small (Fig. 1b), the motion
of the pinned dislocation leads to the reduction of the screw
segment length down to the critical value lc of the kink-pair
length. Then, if the breaking angle is not yet reached, the
stress must be further increased in order to overcome the
dislocation line tension and decrease the curvature radius
down to the critical value Rs

c, which induces a line tension
resistance as will be seen in Section 4. In all what follows
we will distinguish the two cases in (i) and (ii) as the large
and low spacing cases, respectively.

3.2. Dislocation obstacle strengthening

The strengthening induced by obstacles cutting the dis-
location glide planes is now investigated. For the large
spacing case (Fig 1a), the obstacle strength affects only
the length of the straight screw segment. However, in the
case of the small spacing regime (see Fig. 1b), when obsta-
cles are of infinite resistance, the critical bypassing angle h
(see Fig. 1) is zero and the critical curvature radius corre-
sponds to Rs

c ¼ k=2. For weaker obstacles, Rs
c is larger

and can be approximated by k/(2cos(h/2)). The mean
obstacle strength can then be defined as as = cos(h/2),
which leads to:

Rs
c ¼

ks

2as
: ð7Þ

When the microstructure contains different types of
obstacles (e.g. forest obstacle, particles, irradiation defects)
with their respective densities qi and specific strengths, DD
simulations [21] have shown that the average obstacle
strength follows a quadratic average rule and can be accu-
rately evaluated using the formula:

as ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
j–s

asj
qj

qs
obs

s
; ð8Þ

where qs
obs is the sum of obstacle densities for system s and

asj is the interaction coefficient between the mobile system s

and the obstacle family j. In the above equation a logarith-
mic term related to dislocation line energy [21,42] has been
neglected for reasons of simplicity. Furthermore, it can be
noted that when the obstacle densities are close to each
other, as is identical for all slip systems and can be approx-
imated by the square root of the average of interaction
coefficients: as ¼

ffiffiffiffiffiffiffiffiffi
hasji

p
. Hence, in the case of forest dislo-

cations, as recovers its expected value of 0.3. The main vir-
tue of Eq. (8) is the possibility to account for additional
obstacles such as small particles, voids, etc. [42].

3.3. Interaction statistics

As shown in Fig 1, the average length ls of screw seg-
ments depends on the average obstacle spacing ks. It is
therefore important to correctly evaluate the length ks.
When the dislocation mobility is isotropic (drag regime),
the probability density p(r) of finding an obstacle at a dis-
tance r obeys a 2-D Poisson’s distribution:
pðrÞ ¼ 2pqs

obsr � expð�qs
obsr

2Þ, as suggested by Kocks [43]
and Cuitino and Ortiz [44]. The average planar spacing is
thus equal to the square root of the average area per obsta-
cle A (see Fig. 2a). This assumption lies at the heart of
many constitutive relations for crystalline plasticity and
leads to the well-known

ffiffiffiffiffiffiffiffi
qs

obs

p
proportionality of the forest

strength. Therefore, we have:

ks
drag ¼

1ffiffiffiffiffiffiffiffi
qs

obs

p : ð9Þ

However, when the dislocation mobility is anisotropic,
such as in the friction regime, the 2-D Poisson distribution
of interaction statistics does not apply and DD simulations
[20] have confirmed that the correct interaction statistics is
different.

Stainier et al. [14] proposed a probability density of
obstacles along the Burgers vector direction:
pðlÞ ¼ ffiffiffiffiffiffiffiffi

qs
obs

p
expð�pqs

obsl
2Þ. The average obstacle spacing

obtained with this distribution is:

ks
friction ¼

Z ffiffiffiffiffiffiffiffi
qs

obs

p
expð�pqs

obsl
2Þdl ¼ 1

2p
ffiffiffiffiffiffiffiffi
qs

obs

p ; ð10Þ

which is surprisingly lower than the average planar spacing
in the drag regime, given by Eq. (9). This feature is in con-
tradiction with DD simulation results [20], where the spac-
ing is always found to be much larger than that in the drag
regime. More realistically, Alankar et al. [13], in a work
dedicated to the transition between stage 0 and 1 (noted
stage 1 and 2 by the authors), defined ks

friction as simply
equal to 20� ks

drag; with no further justification. For the
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Fig. 2. Interaction statistics with (a) an isotropic flexible dislocation line and (b) a straight dislocation submitted to large lattice friction on its screw
section.
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present model, a simple statistical approach based on geo-
metrical arguments already used by several authors [45,46]
is revisited. In the friction regime, screw dislocations can be
considered as straight and must advance a distance X to
unpin from an obstacle. Although the initial picture does
not account for non-screw dislocation curvature, this
description can be used as the starting point to define a
probability distribution that has been confirmed by DD
simulations [20]. Consider a dislocation segment pinned
at both ends with two obstacles (Fig. 2b). The left arm
has to move forward a distance X = 2Rs + D in order to
unpin, where D can be the particle size or a junction length.
We look for the probability of finding an obstacle within a
ribbon of width X and length between ks and ks + dks.
Since the distribution of obstacles is random with a con-
stant surface density qs

obs, this distribution is 1-D Poisso-
nian [47,48] with ks as a random variable and Xqs

obs as
linear density. The probability density is thus
pðksÞ ¼ Xqs

obs expð�Xqs
obsk

s). The corresponding average
value for ks, the obstacle spacing in the friction regime, is:

ks
friction ¼

Z 1

0

Xqs
obsk expð�Xqs

obskÞdk ¼ 1

Xqs
obs

: ð11Þ

Since X at low temperatures is much lower than
ðqobs

sÞ�0:5, ks
friction is then much larger than ks

drag. At interme-
diate temperatures, when approaching the drag regime, Rs

increases and ks
friction converges to ks

drag. Eq. (11) no longer
applies. To continuously pass from one regime to another,
we propose the following general expression:

ks ¼ 1

minð ffiffiffiffiffiffiffiffiqs
obs

p
; Xqs

obsÞ
� D: ð12Þ

Knowing the average spacing of obstacles, the average
length of screw segments can be taken equal to ks � 2asRs.
One should notice that the obstacle strength and size (as

and D, respectively) directly affect the screw dislocation
length. Also, as may be intuitive, ls

s tends to zero when
Rs increases or ks decreases. However, in order to avoid sin-
gularity, we impose in the model that ls

s cannot be less than
the critical length of kink-pairs lc, and therefore:

ls
s ¼ maxfks � 2asRs; lcg: ð13Þ

In addition, in agreement with existing theories of kink-
pair nucleation [36,37], we suppose that the critical width
of kink-pairs is stress dependent. In order to account for
this feature, we recall that lc intervenes in the definition
of the activation volume V of the kink-pair nucleation pro-
cess: V = lcb

2. We propose to fit lc on experimental curves
measuring the activation volume variations as a function of
the effective stress [49–51]. In our simulations, it is more
convenient to fit V to the temperature. Since most experi-
mental measurements are carried out at similar strain rates
(close to 10�4 s�1), we consider experimental values of V to
be connected with temperature via the dependency of the
effective stress on the temperature. The result of such fitting
with a second-order polynomial gives:

lc ¼ 300
T
T o

� �2

b: ð14Þ

Eq. (14) is a simple equation catching important features
of lc. Hence, lc goes to zero with decreasing temperature
(increasing effective stress) and diverges at high tempera-
ture (low effective stress), which is essentially the behavior
observed in experiments.

4. Stress decomposition

The only driving force for plastic deformation consid-
ered in the present model is the applied shear stress. By def-
inition other shear stress components are taken as absolute
values and constitute resistance to the plastic flow. The
effective shear stress on system s is decomposed into:

ss
eff ¼ jss

appj � ss
c;

with

ss
c ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ss

self
2 þ ss

LT
2

q
þ ss

f ; ð15Þ

where ss
c is the critical stress and ss

self the stress interaction
between all dislocations belonging to the same slip system.
It should be noted here that in the present model, the self-
stress definition is different from the usual quantity used in
dislocation theory and designates the stress induced by
one dislocation on itself. In Eq. (15), ss

LT is the line tension
resistance and ss

f the alloy friction stress resulting from solid
solution effects. The quadratic superposition rule used in
Eq. (15) is identical to that leading to the Taylor decompo-
sition in Eq. (2). The applied stress is easy to compute from
the external stress tensor. However, the alloy friction stress
related to solid solution is somehow difficult to assess at low
temperature. The formulation adopted in Eq. (15) implies a
linear superposition with the lattice friction, responsible for
the effective stress. This feature is neither supported by
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experiment nor by atomistic simulations. In experiments,
some authors reported a transition between solid-solution
hardening at low temperatures to softening at intermediate
temperatures [51]. Others reported only softening [52,53],
whereas others reported only hardening [54]. On the one
hand, there is no evidence that lattice friction on screw dis-
locations increases in alloys, and, on the other hand, if this
strengthening can be proved, there is no reason why this
source needs to be linearly added to the lattice friction of
pure bcc metals. In all cases, the reported effect of solid solu-
tion is rather weak. For these reasons, we consider in this pa-
per that solid-solution strengthening is neglected, i.e. ss

f ¼ 0.
Dislocations of the same slip system s gliding on different

planes experience elastic dipolar attractions [21] indepen-
dent of the temperature regime. As the average spacing of
these dislocations scales with 1=

ffiffiffiffiffi
qs
p

[55], dipolar interaction
obeys the same rules as forest interaction. Hence:

ss
self ¼ lb

ffiffiffiffiffiffiffiffiffiffiffiffiffi
aself qs

p
; ð16Þ

with aself is the self-interaction coefficient. Here we can note
that dipolar interactions are also possible with the two col-
linear systems of the bcc structure, due to the equivalent
geometry. However, during deformation, the interaction
with the collinear systems may lead to contact and annihila-
tion reactions, while the self-interaction, defined in Eq. (16),
represents only long-range interactions involving disloca-
tions moving on parallel planes, with no contact or intersec-
tions. This is why interactions with the collinear systems are
not included in Eq. (16), but only as a forest mechanism.

Calculation of the stress resistance associated with the
line tension component in Eq. (15) is less obvious and
requires a more detailed justification. In contrast with the
assumption made in some CLs [46], DD simulations [20]
have shown that the line tension component is not always
present. As illustrated in Fig. 1, when the obstacle spacing
is large, dislocations can move between obstacles, keeping
long straight sections of screw character, evidencing that
the dislocation mobility is not affected by line tension
effects. Consequently as long as ls

s > lc, the line tension
contribution to the effective stress is zero.

Alternatively, when the obstacle spacing is low and
ls

s ¼ lc, dislocation unpinning requires an increase in dislo-
cation curvature between obstacles, which generates a line
tension resistance (Fig. 1b). The latter derives from the
mechanical work necessary to decrease the radius of curva-
ture from Rs ¼ lb=ð2ss

eff ) to Rs
c ¼ ks=ð2asÞ. As the stress

necessary to achieve a curvature Rs
c is roughly lb=ð2Rs

c),
ss

TL can be given by [20]:

ss
TL ¼ aslb

1

ks �
1

2asRs þ lc

� �
: ð17Þ

Note that lc is added to 2asRs in the last term of Eq. (17)
to ensure solution continuity with the large obstacle spac-
ing solution in Eq. (13). As expected, at high temperatures
Eq. (17) tends to the well-known Taylor equation and Eq.
(15) tends to Eq. (2).
5. Dislocation density rate equation

Modeling dislocation density variation is one of the
most tedious problems of crystal plasticity. Alankar et al.
[13] proposed a density rate equation dedicated to the fric-
tion regime. In this model, multiplication and annihilation
are related to the velocity of both edge and screw disloca-
tions. This approach is not appropriate in the present work
since it does not aim at modeling stage 0. Although other
solutions are reported in the literature [8,56], we decided
for reasons of simplicity to adapt the classical storage-
recovery equation [57] to the specificity of the friction
regime.

The storage-recovery scheme gives explicitly the evolu-
tion of the dislocation density on system s as a function
of the shear rate on the same system in the form:

_qs

j _csj ¼
1

b
1

Ks � ysqs

� �
; ð18Þ

with ys a material parameter that accounts for dynamic
recovery and Ks the harmonic average of dislocation mean
free paths that account for the different dislocation storage
processes taking place during plastic slip:

1

Ks ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
aself qsp

Kself
þ as ffiffiffiffiffiffiffiffi

qs
obs

p

Kobs
: ð19Þ

In Eq. (19), Kself and Kobs are two mean free path coef-
ficients, linked to the self-interaction and forest interaction,
respectively [58].

The storage-recovery formalism is in principle dedicated
to the drag regime in which the effective stress is negligible
in comparison with the critical stress. In such conditions,
Ks is proportional to the average spacing and strength of
the obstacles. As we have seen in the previous section,
the strengthening mechanisms do not scale with the aver-
age obstacle spacing in the friction regime. This is why
the following modifications are proposed.

First, the values of the interaction coefficients calculated
with DD simulations [21,28] can be used to evaluate the
local pinning force of obstacles (e.g. Eq. (8)) but not as a
measure of the self or forest strength, as implicitly assumed
in Eq. (19). This is because the stress decomposition
according to the Taylor equation (Eq. (2)) does not apply
in the friction regime. In order to account for the evolution
of obstacle strength with temperature, we consider the
effect of the lattice friction, i.e. ss

eff , on the interaction coef-
ficients to be equivalent to the effect of solid-solution
strengthening on junction strengths observed with DD sim-
ulations [59]. In these simulations, it was shown that as

decreases strongly and linearly with ss
eff . Consequently,

we propose in the present model that aij is a quadratic func-
tion of ss

eff . The corrected coefficients are then called “effec-
tive” and can be given by the expression:

aij
eff ¼ aij 1�

ss
eff

so

� �2

: ð20Þ
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Second, since the interaction statistics with obstacles is
modified in the friction regime, the contribution to disloca-
tion storage coming from forest interactions must be mod-
ified. Kobs represents the mean number of interactions
undergone by a mobile dislocation before being immobi-
lized. Since the frequency of encountering obstacles in the
friction regime in the direction of motion of the screw dis-
location scales with X = 2Rs + D, X must thus replace
ðqs

obsÞ
�0:5 in Eq. (19) and, given Eq. (11), it equals ðqs

obsk
sÞ�1.

With these two modifications, Eq. (19) becomes:

1

Ks ¼ 1�
ss

eff

so

� � ffiffiffiffiffiffiffiffiffiffi
assqs
p

Kself
þ asksqs

obs

Kobs

� �
: ð21Þ

Here again, at large temperature (low effective stress), ks

tends to 1=
ffiffiffiffiffiffiffiffi
qs

obs

p
and Eq. (21) becomes similar to Eq. (19).

On the other hand, the coefficient ys, which statistically
corresponds to the average critical distance for screw dislo-
cation annihilation by cross-slip [58], must be redefined
within the present framework to account for the evolution
of lattice friction with temperature. Within the drag regime,
as the lattice friction is negligible, a reference critical anni-
hilation distance noted ys

drag is defined. The critical stress
for dislocation annihilation sdrag thus scales with
lb=ð2pys

drag), which corresponds to the attraction between
dislocations in a screw dipole. When the lattice friction is
large, the dipolar attraction lb/(2pys) must overcome the
effective stress in addition to sdrag. Consequently, the recov-
ery coefficient can be estimated using the harmonic
average:

1

ys
¼ 1

ys
drag

þ
2pss

eff

lb
: ð22Þ

As is physically intuitive, from Eq. (22) we see that at
low temperature, a large friction stress induces a decrease
in the annihilation distance, which results in a late dynamic
recovery of the dislocation microstructure.

6. Finite-element simulations

In this section, the crystal plasticity model is now tested
and the obtained results are compared with available data
for pure iron single crystals. This comparison is restricted
to the most robust available data reported in the literature,
i.e. the temperature evolution of the critical resolved shear
stress (CRSS) and the strain-induced lattice rotation. The
finite-element (FE) method with finite strain formalism is
adopted in order to reproduce realistic boundary condi-
tions which are expected to play an important role in slip
system activities.

6.1. Finite strain formulation

The set of constitutive equations previously presented is
introduced into the FE simulation code CAST3M [60].
When large values of plastic strains are reached, they gen-
erally induce large rotations of the crystal as well, which
influence the projection of local stress on slip systems and
eventually slip activity. In order to capture accurately such
phenomena, a finite strain framework is used to implement
the constitutive equations. We present in the following a
summary of these equations.

The framework, first proposed in Ref. [61], decomposes
the local transformation gradient F into an elastic Fe and a
plastic Fp gradients: F = FeFp. The glide of all slip systems
is represented by the Fp transformation, while the rotation
and elastic deformation of the crystal are described by Fe.
Following Ref. [62], the shear stress projected on a slip sys-
tem s reads:

ss ¼ ðFeT

FeCEeÞ : Ns; ð23Þ
where C is the fourth rank elasticity tensor,
Ee ¼ 1=2ðFeT

Fe � IÞ is the Green–Lagrange elastic strain,
and Ns ¼ ms � ns is the Schmid tensor with ms and ns the
glide direction and the normal to the slip plane, respec-
tively. For each time step of the FE simulation, one can
first compute on each Gauss point of the structure the elas-
tic part of the transformation provided the complete trans-
formation and the plastic part of the transformation are
known, Fe ¼ FFp�1. In fact, F is given by the FE code
and Fp is thus stored as an internal variable. The evolution
equation of this tensor for each time step Dt reads [62]:

DFp ¼ DcsNsFp; ð24Þ
where Dcs is the increment of plastic slip on system s, cal-
culated by integrating Eq. (6) over a time step, and consid-
ering the implicit summation rule on the superscript s.

Once Fe is known, one can compute the resolved shear
stress on each slip system using Eq. (23) and integrate all
constitutive equations presented in the previous section.
A Runge–Kutta (RK) explicit integration method with
an adaptive step size to control the level of error, by com-
bining a fourth-order RK and a third-order RK method, is
used for this purpose in the following computations.

The crystal rotation can be eventually computed in a
post-treatment procedure, which decomposes the elastic
gradient into one symmetric tensor and one orthogonal
tensor.

6.2. Geometry and simulation conditions

Two tensile specimen geometries are simulated, in order
to investigate the role of boundary conditions (see Fig. 3).
The first numerical study (called in the following the beam
specimen) is a tensile test of a monocrystalline beam orien-
tated in single slip. The beam, composed of 30 � 2 � 2
cubic linear elements, is subjected to a tension in the initial
longitudinal direction of the beam. The kinematic bound-
ary conditions are imposed on the nodes of the extreme
faces in the longitudinal direction. One of these faces is
fixed while the nodes of the other face can only move by
the same amplitude in the initial longitudinal direction of
the beam. The crystallographic direction of the loading axis
corresponds to the ½�149� direction of the bcc crystal, which
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Fig. 3. The two meshes used to define the geometry of the beam and the
flat tensile specimens used in the FE calculations.

Table 1
Values of the model parameters and material constants used in the FE
simulations.

Parameter Value Parameter Value

_co (rate constant) 10�6 s�1 n (rate power) 50
DGo 0.84 eV so 363 MPa
H 2 � 1011 s�1 To 400 K
b (Burgers vector) 0.248 nm k (Boltzmann

constant)
8.6 � 10�5 eV K�1

E (Young’s
modulus) in
GPa

236 � 0.0459T m (Poisson
ratio)

0.35

aij (noncollinear) 0.1 aij (collinear) 0.7
ydrag (dist.

annihilation)
2 nm qs (primary

system)
1012 m�2

qi (other systems) 1011 m�2 _e (applied
strain rate)

10�4 s�1

Kself 100 Kobs 33
Initial tensile axis ½�149�
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is close to the center of the standard triangle of the stereo-
graphic projection, ensuring single slip conditions at the
beginning of the test. The choice for such geometry and
boundary conditions is justified in Ref. [63].

The second tensile specimen geometry considered for
calculations (see Fig. 3) is a stiffer geometry representative
of common tensile specimens (called the flat specimen).
Simulation boundary conditions, also depicted in Fig. 3,
are chosen in order to simulate experimental loading condi-
tions. The orientation of the loading axis is the same as for
the beam specimen. Comparison between both studies
allows us to track the influence of the smaller length over
the width ratio of the specimen geometry on the duration
of the single slip stage and strain localization, coupled to
thermal activation of plastic slip.
The values of all constants used in the calculations
related to the proposed model are given in Table 1.

As already discussed in Section 2, one of the most
important unknowns of the initial conditions is the disloca-
tion microstructure formed at the end of stage 0 at different
temperatures. As a starting point, we consider that in stage
0 only dislocation sources on the primary system were acti-
vated, leading to a large difference between dislocation den-
sity on this system compared to other systems. Thus in the
simulations we take the initial dislocation density in the
primary system to be 10 times larger than that in other sys-
tems (see Table 1). Note that we here simply assume isotro-
pic elasticity, leading to the following expression for the
shear modulus lðT Þ ¼ EðT Þ=ð2ð1þ mÞÞ.

6.3. Results of the beam specimen

The field of plastic shear on the primary slip system is
plotted in Fig. 4 on the final shape of the beam after 40%
of conventional elongation and for different values of tem-
perature. One can observe that the S-type shape is more
pronounced in the intermediate regime of temperature
where the activity of the primary slip system is the largest.

This result suggests that in this intermediate temperature
regime, the secondary slip system is less active than at
extreme values of temperature. This proposition is sup-
ported by Fig. 5 depicting the rotation of the loading direc-
tion in stereographic projection. At the beginning of all
simulations, the tensile axis rotates, as expected from single
slip conditions, from the center of the primary triangle
towards the primary Burgers vector, which is the [111]
direction. At low and high temperatures, the tensile axis
turns to the [011] axis while crossing the [001]–[011] zone,
separating the two stereographic triangles, which evidences
the significant activity of the secondary slip system, since
the combination of rotations towards [111] and [�111] leads
to a rotation towards [011] direction. However, at interme-
diate temperature the loading axis crosses the [001]–[011]
boundary and penetrates deep inside the secondary trian-
gle, which indicates a large delay (overshoot) in the activa-
tion of the secondary system, though the resolved shear
stress is higher on this slip system. The interpretation of
this feature is tackled later in the discussion section.

The evolutions of the conventional shear stress and the
principal variables of the model associated with the element
located in the center of the beam are plotted in Fig. 6. In
Fig. 6a, we show the evolution with deformation of the
conventional shear stress, i.e. the normal applied stress
multiplied by the initial value of the Schmid factor on the
primary slip system. The thermal activation responsible
for the decrease of yield stress with temperature is quite
well reproduced in Fig. 6a. The hardening rate decreases
also at low temperature. This result is in good agreement
with existing experimental observations (see Section 7).

At 400 K, the local shear stress varies with the primary
shear strain following a three-stage type curve (see Fig. 6b)
contrary to curves obtained at lower temperatures. This
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Fig. 4. Field of plastic shear on the primary slip system represented on the
deformed beam after 40% of conventional elongation and for different
temperatures.
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change of regime is produced by the activation of the drag
flow rule combined with a significant activation at the onset
of stage II of the secondary slip system. At 200 K, an inflec-
tion point is also observed in Fig. 6b. It is not connected to
the activation of the secondary system, but reflects the
sharp transition occurring when the average length of
screw segments reaches its critical value lc (Fig. 6c) during
the simulation, leading to the activation of the line tension
component, as can be seen in Fig. 6e. Although this inflec-
tion is not desired, it is not considered to be important
since it does not strongly affect the mechanical loading as
seen in Fig. 6a.

In Fig. 6d, the evolution of the density of dislocation on
the primary slip system is found to depend on temperature,
and so on the evolution of the long-range stress (self-inter-
action) component shown in Fig. 6f.

At the highest temperature, the strong activation of the
secondary slip system induces a rapid increase of the dislo-
cation density on the primary slip system because the forest
term in Eq. (21) results in large strain hardening.
Fig. 5. Rotation of the loading axis in the stereogr
6.4. Results of the flat specimen

The objective of this second set of calculations is to eval-
uate the influence of stiffer boundary conditions on the
apparent mechanical behavior that can be deduced from
the analysis of the evolution of the parameters of different
CLs. Given the specimen geometry, the stress and strain
tensors are strongly heterogeneous. Let Fz be the longitudi-
nal component of the applied force. Experimental results
are sometimes depicted using the conventional shear stress,
i.e. MsFz/So, where Ms is the initial Schmid factor and So is
the initial section of the deformed zone. In Fig. 7a the con-
ventional shear stress is plotted as a function of the conven-
tional shear strain, i.e. ezz/Ms. One can clearly see that the
mechanical behavior deduced from average macroscopic
data differs significantly from the actual material behavior
in the deformation zone, depicted in Fig. 6. For this spec-
imen, we define a “local zone” corresponding to a cube of
height equal to the width of the sample and located in the
center of the specimen “gauge length” defined in Fig. 3.

Detailed investigation of our results shows that the cal-
culated mechanical behavior is sensitive to the region on
which mechanical fields are averaged only at low tempera-
ture. Indeed, significant strain localization is observed only
for temperatures lower than 200 K.

A three-stage hardening behavior is observed at 400 K,
while the activity of the secondary slip shown in Fig. 7b
does not correspond to an inflection point on the stress–
strain curves at lower temperatures. For high and low tem-
peratures, the end of stage I corresponds approximately to
the crossing of the [001]–[011] zone, when the applied
shear stress becomes larger on the secondary system than
on the primary one. However, at intermediate temperature,
namely 300 K, the activity of the secondary system is quite
low, confirming the tendency noticed on the beam speci-
men (Fig. 5). The sharp decrease in the average length of
screw segments with deformation and with temperature
(Fig. 7c) leads to the appearance of the line tension compo-
nent for T > 200 K, as can be seen in Fig. 7e, while the con-
tribution of this component is zero at lower temperature.
On the other hand, the self-interaction component is found
to saturate for T < 200 K (Fig. 7f), which can be easily
explained by the saturation of the primary density of dislo-
cations for these temperatures (Fig. 7d).
aphic projection as a function of temperature.



Fig. 6. Simulation results of the beam specimen: (a) conventional shear stress as a function of the conventional shear strain. Local evolutions as a function
of plastic shear strain on the primary slip system of (b) shear stress on the primary (bold line) and secondary systems (thin line), (c) average length of screw
dislocation segments (d) dislocation density on the primary slip system, (e) line tension and (f) the self components of the critical stress on the primary
system.

G. Monnet et al. / Acta Materialia 61 (2013) 6178–6190 6187
Most of these results, and especially the ones at 300 K,
do not differ significantly from those obtained on the beam
specimen (Fig. 6). However, at low temperature, say
T < 200 K, a significant and early apparent softening is
observed on the flat specimen. This particular result is a
direct consequence of strain localization, which is intense
at 77 and 130 K, as observed in Fig. 8. In Fig. 8, we show
also the map of the maximum shear stress. The heterogene-
ity of the latter is related to the stress localization, which
enhances the local strain hardening and the decrease in
the local section of the deforming zone. The strong hetero-
geneous field at low temperature indicates a strong neck-
ing, leading to the apparent softening observed in Fig. 7a.

7. Discussion and concluding remarks

In this paper we tried to translate recent results of DD
simulations into constitutive equations governing plastic
deformation in bcc materials over wide range of tempera-
ture. The main improvement proposed here compared with
other CLs reported in the literature is the consideration of
non-screw dislocation curvature, which allows us to
account for the temperature effect on dislocation interac-
tions in two ways: (i) the interaction statistics is shown to
obey a 1-D Poisson distribution; and (ii) the increase with
temperature of the radius of curvature of non-screw seg-
ments leads to a smooth transition from a 1-D to a 2-D
Poisson distribution of obstacle spacing, consistent with
the classical square-root dependency on the dislocation
density, known as the Taylor equation.

Although the transition from the friction to the drag
regimes is guaranteed using a simple harmonic superposi-
tion rule, we are aware that a precise modeling of the tran-
sition regime requires much more attention to thermal
activation details of the kink-pairs mechanism, such as
the role of the annihilation and migration rates of kinks



Fig. 7. Simulation results of a tension test on the flat specimen. (a) Conventional shear stress vs. conventional shear strain. Evolution as a function of the
shear strain on the primary slip system of (b) the secondary shear strain, (c) the average length of screw segments, (d) the primary dislocation density, (e)
the tension line and (f) the self components of the critical stress on the primary slip system.
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(e.g. [64–66]). Also, at high temperature, the interaction
with phonons can no longer be neglected [67] and the flow
equation in the friction regime (Eq. (5)) must be modified
in order to ensure the physically based transition to the
drag viscous rate (Eq. (1)). However, we consider in this
paper that the information at our disposal is insufficient
to account quantitatively for this transition. We thus prefer
the simple harmonic superposition law given in Eq. (6).

The predictions of the CL were tested with two tensile
samples of different geometry. Comparison between
Fig. 6 and Fig. 7 reveals the important following features:
(i) the local crystallographic rotation and the yield stress
are independent of the specimen geometry; (ii) the macro-
scopic hardening rate increases strongly with temperature;
(iii) the strain localization appears earlier when the temper-
ature decreases and when the width/length ratio of the
specimen gauge increases; (iv) the extent of single slip is
maximal at intermediate temperatures, including room
temperature. At low temperatures, the effective stress is
approximately equal to the resolved shear stress. The influ-
ence of the pre-exponential terms in Eq. (5) is thus reduced
and the secondary slip system activates as soon as its
resolved shear stress becomes equal to that on the primary
system. At high temperatures, the flow rule degenerates to
Eq. (1) in which the critical stress ss

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ss

self
2 þ ss

LT
2

q
is

identical for all slip systems due to the quadratic sum in
ss

self and ss
LT . Consequently, secondary slip systems can be

more easily activated, forcing the loading axis to rotate in
parallel to the [111]–[011] boundary. The large extent of
single slip at room temperature is therefore not an artifact
of simulations. It was observed in experiments by Keh [68]
and by Jaoul et al. [69]. We think our results provide a sim-
ple explanation for this a priori surprising feature. For a
more general comparison with experimental results, we
plot as a function of temperature in Fig. 9 the evolution
of the CRSS computed from our simulations and the
experimental values of the CRSS reported in the literature
by Spitzig [49], Quesnel et al. [50] and Kuramoto et al. [51].

It can be clearly seen that the sensitivity of the CRSS
to temperature is well reproduced by the FE simulations.
Since the CRSS is not dependent on the specimen geom-
etry, this agreement can be considered as a significant
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Fig. 8. Fields of plastic slip on the primary slip system and of maximum shear stress for different values of temperature and after a global elongation of
10% of the initial length of the sample.
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validation of the CL proposed in this work. In Fig. 9, we
show also the evolution of the effective stress and the crit-
ical stress as a function of temperature. As expected, the
CRSS is close to the effective stress at low temperature
and decreases strongly at high temperature. On the other
hand, the critical stress, which is basically athermal in our
model, is negligible at low temperature compared to the
effective stress but becomes close to the applied stress at
high temperature, say T > 350 K. This clearly underlines
the transition between the low-temperature regime, con-
trolled by the thermally activated screw dislocation
motion, and the high-temperature regime, controlled by
interactions with local obstacles and dislocation–disloca-
tion interactions. A more detailed investigation of our
results shows that the leading term in the harmonic mean
in Eq. (6) for T < 350 K is the nucleation rate (Eq. (5)),
while the drag rate (Eq. (1)) controls the total rate at
higher temperatures. This feature is also in agreement
with in situ transmission electron microscopy observations
(e.g. [35]).

The last comparison that can be made with experiment
is the shape of the stress–strain curves reported in the liter-
ature. However, such comparison is difficult since the
experimentally reported curves exhibit many differences.
For example, Kuramoto et al. [51] and Quesnel et al. [50]
reported a set of flat curves with negligible hardening rate,
while Novak et al. [70] reported peaked curves at low tem-
peratures and high hardening rate at high temperatures.
We believe that these discrepancies are due to the difference
in the chemical composition and the geometry of the tensile
specimens used. Our results show an intermediate behavior



6190 G. Monnet et al. / Acta Materialia 61 (2013) 6178–6190
with pronounced tendency for strain localization (soften-
ing) at low temperatures and a high ratio of width/length
ratio of the gauge zone.

To conclude, we propose in this paper a new set of equa-
tions for crystal plasticity modeling that allows for a phe-
nomenological description of low-temperature plastic
deformation in bcc materials, ensuring a smooth transition
with the athermal regime known to prevail at high temper-
atures. A future step is the expansion of the present model
to include grain boundary effects and non-monotonous
loading.
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